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Nonlinearity is a fascinating element of nature and many
scientists see nonlinear science as the most important frontier
for the fundamental understanding of nature. Many complex
physical phenomena are frequently described and modeled
by nonlinear evolution equation, so the exact or analytical
solutions of the discussed nonlinear evolution equation
become more and more important, which not only is consid-
ered a valuable tool in checking the accuracy of computational
dynamics, but also gives us a good help to readily understand
the essentials of complex physical phenomenon, e.g., collision
of two solitary solutions. Looking for exact solitary wave
solutions to nonlinear evolution equations have long been amajor concern for both mathematicians and physicists. These
solutions may well describe various phenomena in physics
and other ﬁelds, such as solitons and propagation with a ﬁnite
speed, and thus they may give more insight into the physical
aspects of the problems. Modern theories of nonlinear science
have been highly developed over the last half century.
At the classical level, a set of coupled nonlinear wave
equations describing the interaction between high-frequency
Langmuir waves and low-frequency ion-acoustic waves were
ﬁrstly derived by Zakharov [1]. Since then, this system has
been the subject of a large number of studies. In one dimen-
sion, the Zakharov Equations (ZE) may be written as
iEt þ Exx  nE ¼ 0;
ntt  nxx  jEj2xx ¼ 0
ð1Þ
where E is the envelope of the high-frequency electric ﬁeld, n is
the plasma density measured from its equilibrium value. The
system can be derived from a hydrodynamic description of
the plasma [2,3]. However, some important effects such as
transit-time damping and ion nonlinearities, which are also
implied by the fact that the values used for the ion damping
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ion-acoustic wave dynamics, have been ignored in the ZE. This
is equivalent to say that, the ZE are simpliﬁed model of strong
Langmuir turbulence. Thus we have to generalize the ZE by
taking more elements into account. Starting from the
dynamical plasma equations with the help of relaxed Zakharov
simpliﬁcation assumptions, and through taking use of the
time-averaged two-time-scale two-ﬂuid plasma description,
the ZE are generalized to contain the self-generated magnetic
ﬁeld [4]. The generalized Zakharov equations (GZE) are a
set of coupled equations and may be written as [5]
iEt þ Exx  2bjEj2Eþ 2nE ¼ 0;
ntt  nxx þ jEj2xx ¼ 0
ð2Þ
where E is the envelope of the high-frequency electric ﬁeld, and
n is the plasma density measured from its equilibrium value.
This system is reduced to the classical Zakharov equations
whenever b= 0. Due to the fact that the GZE is a realistic
model in plasma, it makes sense to study the solitary wave
solutions of the GZE. Recently various powerful mathematical
methods such as homotopy perturbation method [6], varia-
tional iteration method [7–13], Adomian decomposition
method [14] and others [15–19] have been proposed to obtain
exact and approximate analytic solutions for nonlinear
problems.
2. Description of tanh–coth method
We now present brieﬂy the main steps of the tanh–coth strat-
egy that will be applied. A PDE
Pðu; ut; ux; utt; uxx . . .Þ ¼ 0 ð3Þ
can be converted to an ODE
Pðu; u0; u00; u000 . . .Þ ¼ 0 ð4Þ
upon using a wave variable n= x  ct Eq. (4) is then
integrated as long as all terms contain derivatives where inte-
gration constants are considered zeros. Introducing a new
independent variable Y= tanh (n) leads to the change of
derivatives:
d
dn ¼ ð1 Y2Þ ddY
d2
dn2
¼ ð1 Y2Þ ð1 Y2Þ d2
dY2
 2Y d
dY
n o
d3
dn3
¼ 2ð1 Y2Þð3Y2  1Þ d
dY
 6Yð1 Y2Þ2 d2
dY2
þ ð1 Y2Þ3 d3
dY3
The tanh–coth method admits the use of the ﬁnite expansion
uðnÞ ¼ SðYÞ ¼
Xm
i¼0
aiY
i þ
Xm
i¼1
bi
Yi
ð5Þ
where m is a positive integer, for this method, that will be
determined. Expansion (5) reduces to the standard tanh
method bi = 0, 1 6 i 6 m. The parameter is usually obtained,
as stated before, by balancing the linear terms of the highest
order in the resulting equation with the highest order nonlinear
terms. If m is not an integer, and then a transformation for-
mula should be used to overcome this difﬁculty. Substituting
(5) into the ODE results is an algebraic system of equations
in the powers of that will lead to the determination of the
parameters ai = 0, (i= 0, . . . , m)bi = 0, (i= 1, . . . , m) and c.3. Application tanh–coth method for generalized Zakharov
equations
We introduce a transformation for (GZE) Eq. (2)
Eðx; tÞ ¼ UðnÞeih; gðx; tÞ ¼ VðnÞ;
h ¼ kxþ xt; n ¼ pðx 2ktÞ
where k, x and p are real constant. Put these transformation in
Eq. (2), we have the ordinary differential equation (ODE) for
U (n) and V(n)
UðnÞðk2 þ xÞ  p2U00ðnÞ þ 2bU3ðnÞ  2UðnÞVðnÞ ¼ 0;
ð4k2  1ÞV 00ðnÞ þU00ðnÞ ¼ 0B ð6Þ
where prime denotes the differential with respect to n. Integra-
tion of second equation of Eq. (6) twice with respect to n.
VðnÞ ¼ CU
2ðnÞ
ð4k2  1Þ ð7Þ
where C is second integration constant and the ﬁrst one is
taken as zero. The value of V(n) is put in ﬁrst Eq. (6)
UðnÞ k2 þ x 2C
4k2  1
 
 p2U00ðnÞ
þ 2 bþ 1
4k2  1
 
U3ðnÞ ¼ 0 ð8Þ
Obtain after integrating the ODE once and setting the constant
of integration equal to zero. Balancing U00 with U3 in Eq. (8)
gives m+ 2= 3m, i.e. m= 1. The tanh–coth method (5)
admits the use of the ﬁnite expansion
uðnÞ ¼ SðYÞ ¼ a0 þ a1Yþ b1
Y
ð9Þ
Substituting Eq. (9) into Eq. (8), we get
a a0 þ a1Yþ b1
Y
 
 2p2b1 ð1Y
2Þ2
y3
 2ð1Y2ÞY a1  b1
Y2
 ( )
þ 2 bþ 1
4k2  1
 
a0 þ a1Yþ b1
Y
 3
¼ 0
a a0 þ a1Yþ b1
Y
 
 2p2b1 1
Y3
þ Y 2
Y
 
þ 2p2 ða1 þ b1ÞY a1Y3  b1
Y
 
þ 2 bþ 1
4k2  1
 
a0 þ a1Yþ b1
Y
 3
¼ 0
Comparing the coefﬁcients of Y2 and Y3 we get a0 a1 = 0,
a0b1 = 0. So for a non-zero a0 only trivial solution exists. To
get a non-trivial solution, we get the following four sets of
solutions
(1) The First set
a0 ¼ 0; a1 ¼ 0;
b1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
p2ð4k2  1Þ
ðbð4k2  1Þ þ 1Þf2p2  1þ ag
s
; 2p2 þ a ¼ 0
(2) The Second set
Figure 1 Plot of one set of solution of theoretical model for C= a= b= p= k= 1.
284 A. Kumar, R.D. Pankaja0 ¼ 0; a1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
p2ð4k2  1Þ
ðbð4k2  1Þ þ 1Þf2p2  1þ ag
s
;
b1 ¼ 0; 2p2 þ a ¼ 0
(3) The Third set
a0 ¼ 0; a1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
p2ð4k2  1Þ
ðbð4k2  1Þ þ 1Þf8p2  1þ ag
s
b1 ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
p2ð4k2  1Þ
ðbð4k2  1Þ þ 1Þf8p2  1þ ag
s
; 8p2 þ a ¼ 0
(4) The Fourth set
a0 ¼ 0; a1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
p2ð4k2  1Þ
ðbð4k2  1Þ þ 1Þf4p2 þ 1 ag
s
;
b1 ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
p2ð4k2  1Þ
ðbð4k2  1Þ þ 1Þf4p2 þ 1 ag
s
; 4p2  a ¼ 0
where a ¼ k2 þ x 2C
4k21
In view of this we obtain the following kink shaped solitary
wave solution (see Fig. 1)
E1ðx; tÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
p2ð4k2  1Þ
ðbð4k2  1Þ þ 1Þf2p2  1þ ag
s
cothfpðx 2ktÞgeiðkxþxtÞ;
g1ðx; tÞ ¼
C
ð4k2  1Þ þ
p2
ðbð4k2  1Þ þ 1Þf2p2  1þ ag
coth2fpðx 2ktÞg
E2ðx; tÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
p2ð4k2  1Þ
ðbð4k2  1Þ þ 1Þf2p2  1þ ag
s
tanhfpðx 2ktÞgeiðkxþxtÞ;
g2ðx; tÞ ¼
C
ð4k2  1Þ þ
p2
ðbð4k2  1Þ þ 1Þf2p2  1þ ag
tanh2fpðx 2ktÞg
E3ðx; tÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
p2ð4k2  1Þ
ðbð4k2  1Þ þ 1Þf8p2  1þ ag
s
½tanhfpðx 2ktÞg  cothfpðx 2ktÞgeiðkxþxtÞ;
g3ðx; tÞ ¼
C
ð4k2  1Þ þ
p2
ðbð4k2  1Þ þ 1Þf8p2  1þ ag
½tanhfpðx 2ktÞg  cothfpðx 2ktÞg2E4ðx; tÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
p2ð4k2  1Þ
ðbð4k2  1Þ þ 1Þf4p2 þ 1 ag
s
½tanhfpðx 2ktÞg  cothfpðx 2ktÞgeiðkxþxtÞ;
g4ðx; tÞ ¼
C
ð4k2  1Þ 
p2
ðbð4k2  1Þ þ 1Þf4p2 þ 1 ag
½tanhfpðx 2ktÞg  cothfpðx 2ktÞg24. Conclusions
By using the tanh–coth method, traveling wave solutions are
derived for Generalized Zakharov equations (GZE). The
transformation formulae were used for nonlinearity to show
that the analysis is applicable to a nonlinear problem. The
present method is readily applicable to a large variety of such
nonlinear equations. The obtained solutions include soliton
solutions, periodic solutions and rational solutions.Acknowledgment
Authors are highly thankful to the anonymous reviewer for
their valuable suggestions.
References
[1] V.E. Zakharov, Collapse of Langmuir waves, Zh Eksp Teor Fiz
62 (1972) 1745–1751.
[2] Mv Golman, Langmuir wave solitons and spatial collapse in
plasma physics, Physica D 18 (1986) 67–76.
[3] Michel Moisan, Jacques Pelletier, Hydrodynamic description of
plasma, in: Physics of Collisional Plasmas, Springer,
Netherlands, 2012, pp. 203–335.
[4] L.H. Li, Langmuir turbulence equations with the self-generated
magnetic ﬁeld, Phys. Fluids B 5 (1993) 350–356.
[5] B. Malomed, D. Anderson, M. Lisak, M.L. Quiroga-Teixeiro,
Dynamics of solitary waves in the Zakharov model equations,
Phys. Rev. E 55 (1977) 962–968.
[6] J.H. He, Application of homotopy perturbation method to
nonlinear wave equations, Chaos Solitons Fract. 26 (3) (2005)
695–700.
[7] J.H. He, X.H. Wu, Construction of solitary solution and
compaction-like solution by variational iteration method,
Chaos Solitons Fract. 29 (1) (2006) 108–113.
[8] J.H. He, Variational iteration method – a kind of nonlinear
analytical technique: some examples, Int. J. Nonlinear Mech. 34
(4) (1999) 699–708.
Tanh–coth scheme for traveling wave solutions for Nonlinear Wave Interaction model 285[9] J.H. He, Variational iteration method for autonomous ordinary
differential systems, Appl. Math. Comput. 114 (2–3) (2000) 115–
123.
[10] Z.M. Odibat, S. Momani, Application of variational iteration
method to nonlinear differential equations of fractional order,
Int. J. Nonlinear Sci. Numer. Simul. 7 (1) (2006) 27–36.
[11] Mehmet Giyas Sakar, Fevzi Erdogan, Ahmet Yıldırım,
Variational iteration method for the time-fractional Fornberg–
Whitham equation, Comput. Math. Appl. 63 (9) (2012) 1382–
1388.
[12] J.H. He, Guo-Cheng Wu, F. Austin, The variational iteration
method which should be followed, Nonlinear Sci. Lett. A–Math.
Phys. Mech. 1 (1) (2010) 1–30.
[13] Arun Kumar, A variational method to study the Zakharov
equation, Int. J. Math. Math. Sci. 2005 (22) (2005) 3703–3709.
[14] D. Kaya, S.M. El-Sayed, A numerical simulation and explicit
solutions of the generalized Burger–Fisher equation, Appl.
Math. Comput. 152 (2004) 403–413.[15] Omer Faruk Gozukizil, Samil Akcagil, The tanh–coth method
for some nonlinear pseudo parabolic equations with exact
solutions, Adv. Differ. Equat. 2013 (1) (2013) 143.
[16] J.H. He, Some asymptotic methods for strongly nonlinear
equations, Int. J. Modern Phys. B 20 (10) (2006) 1141–1199.
[17] E.M. Abulwafa, M.A. Abdou, A.A. Mahmoud, The solution of
nonlinear coagulation problem with mass loss, Chaos Solitons
Fract. 29 (2) (2006) 313–330.
[18] A. Bekir, Multisoliton solutions to Cahn–Allen equation using
double exp-function method, Phys. Wave Phenom. 20 (2) (2012)
118–121.
[19] Abdul-Majid Wazwaz, The tanh–coth and the sine–cosine
methods for kinks, solitons, and periodic solutions for the
Pochhammer–Chree equations, Appl. Math. Comput. 195 (1)
(2008) 24–33.
